Abstract. We study the free Lie ring of rank 2 in the variety of all centreby-nilpotent-by-abelian Lie rings of derived length 3. This is the quotient 
Introduction
In this paper we study free centre-by-nilpotent-by-abelian Lie rings of derived length 3. These are the quotients
where L is an (absolutely) 
contains an elementary abelian 2-subgroup. This was proved in [5] where a basis for this 2-subgroup was exhibited. However, as pointed out by Zerck [9] , some of the details in [5] needed correction, and this was eventually carried out in [7] and [4] . In fact, in the case of rank 2, which turned out to be considerably easier than the case of higher ranks, a similar result on torsion in the context of the lower central quotients of the free centre-by-metabelian group was proved much earlier by Ridley [8] . If c = 3, (
, L], the free centre-by-(nilpotent of class 2)-by-abelian Lie ring. Drensky [2] proved that its central ideal In the present paper we focus on the relatively free Lie ring (1.1), but we restrict ourselves to the case of rank 2. In this case we extend the results on (1.1) for c = 2 to arbitrary values of c. We show that, for arbitrary c 2, the central ideal
is a direct sum of a free abelian group and a torsion group of exponent c. Our main result (Theorem 6.1) refers to the torsion subgroup. We exhibit an explicit independent generating set, that is a generating set such that the torsion subgroup is the direct sum of the cyclic subgroups generated by the members of this set. If c is a prime, this generating set takes a particularly simple form (see Corollary 6.2), and for c = 2 we recover the known results about torsion elements in free centre-by metabelian Lie rings (Corollary 6.3). Our approach to the problem is based on an isomorphism identifying γ c (G ′ ) with the tensor product
where our results will be a first step towards understanding the additive structure of (1.1) for arbitrary ranks.
Reduction to metabelian Lie powers
In this Section L denotes a free Lie ring of finite rank. By the Shirshov-
. This is a graded Lie ring and its degree c homogeneous
The adjoint representation induces on these lower central quotients the structure of an L/L ′ -module, and hence a module for its universal envelope
The latter is a polynomial ring. In fact, if X is a free generating set for L, and hence a Z-basis for L/L ′ , then U may be identified with the polynomial ring on X:
In view of the canonical isomorphism
trivializing the U -action on both sides of (2.1) gives an isomorphism
We will exploit this isomorphism to investigate the additive structure of the quotient on the left hand side by examining the tensor product on the right hand side.
Metabelian Lie powers
We 
The metabelian Lie power M c (A), that is the degree c homogeneous component of the free metabelian Lie algebra M (A) on A, is generated by the simple Lie products
For c 2 the metabelian Lie power M c (A) fits into a short exact sequence
where the maps ν A and π A are given by
and
The maps are actually compatible with the U -action on the three terms in (3.1), so this is a short exact sequence of U -modules.
There is also a U -module homomorphism
Indeed, this is just the composite
where the two maps are given by
respectively. The second map is correctly defined because a simple Lie product [a 1 , a 2 , a 3 , . . . , a c ] in a metabelian Lie algebra is symmetric with respect to the entries a 3 , . . . , a c . Using this, antisymmetry in the first two entries and the Jacobi identity, one easily calculates that the composite
amounts to multiplication by the integer c on M c (A):
By applying the homology functor to (3.2) we find, in view of (3.3) , that the kernel of the induced homomorphism
So we have the following result. 
for k 1. The initial part of the long exact homology sequence stemming from the short exact sequence (3.1) is as follows.
From this we can read off the following result.
Lemma 3.2. Let A be a free U -module, c 2. Then the tensor product M c (A)⊗ U Z is a direct sum of a free abelian group and a torsion group of exponent dividing c. The latter is isomorphic to the homology group
Proof. The exactness of (3.4) gives that the image of
is free abelian, and the kernel is isomorphic to H 1 (A c ). By Lemma 3.1, this kernel is of exponent dividing c.
Homology of symmetric powers
In this section we calculate the homology group H 1 (A c ) in the case where U is the polynomial ring in two indeterminates x and y, U = Z[x, y], and A is a free cyclic U -module of rank one, so A = U . In this case the Koszul complex, a free resolution of the trivial U -module Z of length 2, is
where the differentials are given by e 1 ∧ e 2 → ye 1 − xe 2 and e 1 → x, e 2 → y, respectively (see, for example, [6, Chapter VII]). For an arbitrary U -module B, the homology groups H k (B) are the homology groups of the complex B ⊗ U P. We first focus on k = 2. The terms of our complex in degrees 2 and 1 can be identified with B and B ⊕ B, respectively, and then the differential in degree 2 is the map We shall use the lexicographic order on B induced by the ordering on U, that is for u 1 · · · u c and u 
It is easily seen from (4. 
Since ax = 0, the first summand on the right hand side of (4.6) must cancel with terms in ax stemming from other α b b in the decomposition of a. The basis elements b such that bx involves the first basis element on the right hand side of (4.6) are of the form 
Part of the associated long exact homology sequence is
Since H 2 (U c ) = 0 by Lemma 4.1, and multiplication by c annihilates H 1 (U c ) by Lemma 3.2, the exactness of this sequence implies that the connecting homomorphism
is an isomorphism. The image of a generator (4.4) under this connecting homomorphism is easily calculated. We record the result as follows. 
Lemma 4.3. For U = Z[x, y] and c 2 there is an isomorphism
Of course, by Lemma 3.2, the torsion subgroup of M c (U ) ⊗ Z is isomorphic to
In the next section we calculate the images of the cycles in Lemma 4.3 under the connecting homomorphism in (3.4).
The connecting homomorphism H
In order to carry out the computation of this connecting homomorphism, we tensor the short exact sequence (3.1) with the free resolution P. Here is the relevant part of the resulting commutative diagram.
We start with a cycle (4.9) and follow the standard procedure for computing the connecting homomorphism (see, for example, [6, Chapter II.4 
]). For a cycle (4.9), an inverse image in (U
The image of (5. The latter is the direct sum of the cyclic subgroups generated by the elements In the case where c is a prime, the generating set for the torsion subgroup takes a particularly simple form. For c = 2 we recover the description of the torsion subgroup of the free centreby-metabelian Lie ring of rank 2. proved that this relatively free Lie ring contains elements of order 3. His elements are multilinear and have degree 7, so they occur if the rank of G is at least 7. Our result shows that 3-torsion occurs actually already in rank 2. 
